We discuss spontaneous spin current generation from the vacuum by strong electric fields as a result of interplay between the Schwinger mechanism and a spin-orbit coupling. By considering a homogeneous slow strong electric field superimposed by a fast weak transverse electric field, we explicitly evaluate the vacuum expectation value of spin current by numerically solving the Dirac equation. We show that a non-vanishing spin current polarized in the direction perpendicular to the electric fields flows mostly in the longitudinal direction. We also find that a relativistic effect due to the helicity conservation affects direction/polarization of spin current.
Introduction.-According to Dirac, our vacuum is not a vacant space, but can be understood as a sort of semiconductors, in which all the negative energy states are occupied by electrons (the Dirac sea picture [1] ). This implies that our vacuum may exhibit non-trivial responses when exposed to strong external field if its strength exceeds the electron mass scale m e , which characterizes "band gap energy" between the positive and negative energy bands of electrons. Spontaneous electron and positron pair production from the vacuum (the Schwinger mechanism) is one of the most non-trivial responses induced by strong electric field [2] [3] [4] . This is an analog of the electrical breakdown of semi-conductors (or the Landau-Zener transition [5] [6] [7] [8] ) in condensed matter physics. Intuitively, the strong electric field tilts the energy bands, and a level crossing occurs. Therefore, an electron filling the Dirac sea is able to move into the positive energy band via quantum tunneling, leaving a hole (i.e., positron) in the Dirac sea. After the production, dynamics of electrons and positrons is determined by the electric field, and it shows up non-trivial behaviors depending on the specetime profile of the electric field.
Recently, there has been significant progress in the field of spintronics, in which spin polarization/transport is well controlled by optimizing the spacetime profile of external fields [9] . In particular, electric field plays an important role in controlling spin polarization/transport through a spin-orbit coupling s · (j × E), where j is U(1) current and s is spin (e.g. spin-Hall effect [10] [11] [12] ). Microscopically, one can derive the spin-orbit coupling term for an electron by taking the non-relativistic limit of the Dirac equation [13, 14] . Intuitively, this occurs because a particle moving with velocity v in the vicinity of an electric field E effectively feels a magnetic field in its rest frame because of the Lorentz boost B eff ∝ v × E. The direction of the effective magnetic field is perpendicular with respect to the velocity and the electric field in the observer frame. Therefore, the effective magnetic field polarizes the particle's spin along the perpendicular di- rection through the spin-magnetic coupling. Notice that the polarization through the spin-orbit coupling does not require the existence of magnetic field in the observer frame, so that it is purely an electrical effect.
In this Letter, we discuss spontaneous spin current generation from the vacuum as a result of interplay between the Schwinger mechanism and the spin-orbit coupling. Namely, we consider a strong slow electric field superimposed by a transverse weak fast electric field (see Fig. 1 ). Similar setups have been discussed in the dynamically assisted Schwinger mechanism [15] [16] [17] [18] [19] , which is an analog of the Franz-Keldysh effect in condensed matter physics [20] [21] [22] [23] [24] . In this setup, electron and positron pairs are spontaneously produced from the vacuum via the Schwinger mechanism (plus some perturbative enhancement). Then, a U(1) current flows not only in the longitudinal direction but also in the transverse direction because of the acceleration by the two electric fields. As the transverse electric field is changing rapidly in time, the U(1) current also changes but lags behind the electric field. This implies that j × E becomes non-zero. Thus, spin would be polarized through the spin-orbit coupling, and a spin current flows.
Setup.-We consider QED in the presence of a homogeneous slow strong electric fieldĒ superimposed by a fast weak transverse electric field E with frequency Ω,
where x µ = (t, x, y, z) and we defined the x-and the zaxis by the direction of the fast weak electric field E and the slow strong electric fieldĒ, respectively. We adopted the temporal gauge A 0 = 0, and assumed that the fields have finite lifetime T > 0 so as to make sure that the system becomes non-interacting at |t| → ∞. The sudden switching on and off at t = 0, T are not essential in our results as it does not affect spin dynamics.
Canonical operator formalism under external fields.-We discuss spin current generation from the vacuum by the external electric field A µ by explicitly evaluating a vacuum expectation value of a spin current operator at t → ∞ on the basis of the canonical operator formalism under external fields (see, e.g., Ref. [25] ).
To this end, we first expand the field operatorψ aŝ
Here, p and s label canonical momentum and spin, respectively. We also introduced the mode functions U p,s , V p,s which are two independent solutions of the Dirac equation in the momentum space
where P (t) ≡ p − eA(t) denotes kinetic momentum. We require the mode functions U p,s , V p,s to satisfy a boundary condition set at t = 0,
where u p,s , v p,s are the Dirac spinors satisfying 0 =
being on-shell energy. Namely, we require that for t < 0 the mode functions U p,s , V p,s coincide with the plane wave with positive/negative frequency mode. Therefore, one can naturally identifyâ in p,s ,b in p,s as annihilation operators for an electron and a positron at in-state t = −∞, respectively. By normalizing the mode functions
the anti-commutation relations for the annihilation operators read {a in † p,s , a in p ,s } = {b in † p,s , b in p ,s } = δ ss δ 3 (p − p ) and the others are vanishing. The annihilation operatorŝ a in p,s ,b in p,s define an in-vacuum state |0; in as 0 =â in p,s |0; in =b in p,s |0; in for any p, s.
In the presence of external fields, the annihilation operatorsâ in p,s ,b in p,s at in-state t = −∞, are no longer the same as those at out-state t = +∞, which we writeâ out p,s ,b out p,s . This is because the interactions with the fields mix up the particle and anti-particle modes during the timeevolution 0 < t < T . As the system is non-interacting for t > T , one can safely expandψ in terms of the plane waves and identifyâ out ,b out as the expansion coefficients of the plane wave expansion. Thus, from the orthonormality of the Dirac spinors u p,s , v p,s , one finds
Meanwhile, since the Dirac equation (3) is free from interactions for t > T , one may express the mode functions U p,s , V p,s as a linear combination of the plane waves as
Note that the matrix elements M (7), one finds that the annihilation operators at inand out-states are related with each other as
Now, it is evident that the in-vacuum state |0; in is no longer annihilated by the out-state annihilation operators 0 =â out p,s |0; in ,b out p,s |0; in . Therefore, an outvacuum state |0; out , which is a state such that 0 =â out p,s |0; out =b out p,s |0; out for any p, s,
does not coincide with the in-vacuum state |0; in = |0; out . Physically, this is because electron and positron particles are spontaneously produced from the in-vacuum state 0 = 0; in|â out † p,sâ out p,s |0; in , 0; in|b out † p,sb out p,s |0; in due to the interactions with the external fields (the Schwinger mechanism). The distinction between the in-and outvacua should be treated carefully in evaluating physical observables, which we briefly explain below.
Observables.-Physical observables (e.g. spin current, U(1) current) at out-state are defined as an in-in expectation value of a corresponding composite operator as
where we assumed that the system is initially a vacuum, i.e., |in = |0; in . Notice that the bare expectation value lim t→∞ 0; in|ψ † Oψ|0; in is ultra-violet (UV) divergent because of the uninterested vacuum contribution at the out-state lim t→∞ 0; out|ψ † Oψ|0; out . Therefore, we regularized the UV-divergence in Eq. (11) 
Note that one may discard severely oscillating contributions ∝ e ∓2iω P (T ) t t→∞ −−−→ 0 thanks to the i -prescription of quantum field theory. Physically, the first and the second terms represent contribution from electrons and positrons, respectively. The formula (13) suggests that it is sufficient to evaluate the matrix elements M Spin-current generation.-We explicitly evaluate the in-vacuum expectation value of spin current, and show that spin current is spontaneously generated from the vacuum by the strong electric fields (1) . For this aim, we consider the Bargmann-Wigner spin current J i [26-29] 1 ,
1 Strictly, there exists no unique definition of relativistic spin current because it is not a conserved current associated with symmetries. Therefore, one may use other definitions of relativistic spin current, e.g., J i ≡ Σ(P i /ω P ), as long as it reproduces the correct non-relativistic expression J i NR with m → ∞. In general, a different definition gives different results, which are manifest for relativistic particles with small m. Therefore, one should be careful about the definition of spin current in actual experiments. Nevertheless, qualitative features are basically the same, and the difference becomes less manifest for large m. where
with the Dirac matrices α i ≡ γ 0 γ i , β ≡ γ 0 , γ 5 ≡ iγ 0 γ 1 γ 2 γ 3 , and the spin tensor Σ i ≡ γ 5 γ 0 γ i = (iγ 2 γ 3 , iγ 3 γ 1 , iγ 1 γ 2 ). The Bargmann-Wigner spin current is a relativistic generalization of the non-relativistic spin current J i NR ≡ Σv i with v i being velocity. Indeed, by sandwiching with the plane waves ψ 
Note that it is sufficient to consider the plane waves because all the fermion bi-linears appearing in the formula (13) are sandwiched by the plane waves. Figure 2 shows the spin current J i = ((J s x ) i , (J s y ) i , (J s z ) i ) as a function of the duration of the fields T . For details of dependence of the other field's parameters, see Supplemental Material. It is evident that non-vanishing spin current is generated, and (J s y ) z is the largest. Intuitively, this can be understood as the following: Firstly, electrons and positrons are produced from the vacuum via the Schwinger mechanism. Then, the produced particles are accelerated by the electric field E ≡Ē + E, and a U(1) current,
flows. The U(1) current has non-vanishing j x , j z because E x , E z = 0. It is important here that j is not necessarily directing to the electric field's direction j ∝ / E (see Fig. 3 ). This is because it requires some finite time for j to follow the change of the electric field's direction if the frequency Ω is fast enough. This implies that the relative angle between E and j is non-zero. Therefore, their cross product is also non-zero E × j = 0, which aligns spin along E × j ∝ e y through the spin-orbit coupling. As a result, we have spin polarization aligned in the y-direction flowing in the x-and z-direction, i.e., (J s y ) x , (J s y ) z = 0.
Since the longitudinal slow fieldĒ is stronger than the transverse fast field E, j is basically directing to the zaxis, |j z | |j x |, so that |(J s y ) z | |(J s y ) x | follows. Note that the non-linearity of the Schwinger mechanism plays an important role here. Indeed, within the linear response, the U(1) current should flow in the direction exactly proportional to E, for which E × j = 0 follows.
In addition to (J s y ) x , (J s y ) z , Fig. 1 shows that (J s x ) y , (J s z ) y are also non-zero. This is a relativistic effect: For relativistically light particles, helicity is approximately conserved, i.e., spin and momentum directions tend to be parallel with each other. Thus, the spin alignment, which is originally directing to the y-direction, is modified to the momentum direction. At the same time, the momentum direction is also modified to the spin direction. Therefore, we have non-vanishing (J s x ) y , (J s z ) y from the spin current components induced by the spinorbit coupling (J s y ) x , (J s y ) z . Indeed, one can show
Then, by using Eq. (16), one obtains
Thus, a relativistic spin current with spin polarization s i and direction j, (J s i ) j , approaches that with different polarization s j and direction i, (J s j ) i , as decreasing mass because of the helicity conservation (see Fig. 4 ).
The spin current oscillates in T after some transient behaviors at small T . This is because the spin current is induced by the spin-orbit coupling, and its size is controlled by E × j, which is oscillating as shown in Fig. 3 .
Summary.-We discussed spontaneous spin current generation from the vacuum by strong electric fields. Namely, we considered a homogeneous strong slow electric field superimposed by a fast weak transverse electric field. We showed that electrons and positrons are spontaneously produced from the vacuum via the Schwinger mechanism, and, in turn, are spin polarized in the perpendicular direction with respect to the two electric fields due to the spin-orbit coupling. As a result, a spin current polarized in the perpendicular direction flows mostly in the longitudinal direction. We also found that a relativistic effect due to the helicity conservation modifies direction/polarization of spin current, which results in non-zero spin current flowing in the perpendicular direction with polarization along the electric fields' direction. Unfortunately, it is still difficult within the current laser technologies to realize strong electric field exceeding electron's mass scale. Nevertheless, similar spin current generation mechanism may be tested in condensed matter experiments. Weyl semi-metals, graphenes, and semiconductors such as GaAs are good candidates, in which electron's dynamics is governed by equations similar to the Dirac equation with small gap energy. This is not only interesting to high-energy physics, but also to condensed matter physics, as it offers a novel way to create spin current, which does not require any spin carriers at initial time. Also, there appears very strong electromagnetic field in some extreme systems such as heavy ion collisions, neutron stars, and the early Universe. It is interesting to study phenomenological/observational consequences of our spin current generation mechanism in such extreme systems. We leave this as a future work. In this Supplemental Material, we discuss parameter dependence of the spin current J i in more detail. For the sake of simplicity, we consider the largest component (J s y ) z only. Figure S1 shows mass m-dependence of (J s y ) z . As the particle production via the Schwinger mechanism is exponentially suppressed by the mass m as N ∝ exp[−πm 2 /eĒ], the spin current is also suppressed strongly by m. In other words, our spin current generation mechanism requires a strong electric field of the order of eĒ m 2 to be manifest. Note that the Bargmann-Wigner spin current J i is, by definition, divergent at massless limit as J i ∝ m −1 (see Eq. (16)). Thus, the magnitude of (J s y ) z endlessly increases as decreasing m. Figure S2 shows frequency Ω-dependence of (J s y ) z . (J s y ) z becomes vanishing at Ω → 0, for which E × j becomes vanishing. Basically, the magnitude of (J s y ) z increases as Ω increases. This is because there is no enough time for produced particles to change the sign of their spin alignment if the frequency Ω of the transverse electric field becomes large. Also, the particle production is enhanced by the perturbative effect for large Ω (the dynamically assisted Schwinger mechanism), which increases the number of spin carriers.
